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A Fast Algorithm for Computing Jones Polynomials of Montesinos Links
Masahiko Murakami \dagger Masao Hara \ddagger Makoto Yamamoto \S Seiichi Tani \P
Abstract
We give a fast algorithm for computing Jones polynomials of Montesinos links. Given the
Tait graph with $n$ edges of a Montesinos diagram, the algorithm rims with $O(n)$ additions
and multiplications in polynomials of degree $O(n)$ , namely in $O(n^{2}1ogn)$ time.
1Introduction
Knot $th\infty ry$ is asubfield of topoloy. Aknot is asimple (non-aelf-inter8ecting) cloeed curve
embedded in $\mathbb{R}^{3}$ . More generally, one nay stlldy links. Alink $is$ afinite $\infty Uection$ of disjointly
embedded knots. Works on knot $th\infty ry$ have l\’e to many important advanoes in other $are\epsilon\epsilon$
of topology, biology, chemistry and $ph\gamma_{\iota}$ioe [1]. For cl&*s $\ovalbox{\tt\small REJECT}$ng and characterizing linkq, $v\Re ious$
invariant8 have $b\infty n$ defined and well studi\’e in lmot theory. The Jones polynomial [4] is a
powerful invariant. L. H. Kallffinan [5] gave acombinatorial method for calctating the $Jon\infty$
polynomial by meao of the $Ka\backslash ffinan$ bra&et polynomid. We denote the number of the dge8of
the Tait yaPh of alink diagram $\tilde{L}$ by $c(\tilde{L})$ . It takae $o(2^{O(c(\tilde{L})))}$ additions and multiplicatioo in
polynomia18 of $degr\infty O(c(\tilde{L}))$ to $\infty mp_{l1}te$ aJones polynomial by Kauffian’s method. Actlldly,
F. Jaeger, D. L. Vertigan and D. J. A. Welsh showed that $\omega mp_{l1}ting$ the Jonae polynomial is
generally $\#P$-hard $[3, 11]$ . It is $\exp aeted$ to reqllire exponential time in the worst $ca\epsilon e$ .
Reoently, it has been re\infty gniz\’e that it is $impor\iota_{\infty 1}t$ to compllte Jones polynomials for links
with reasonable $r\infty^{\backslash }trictioo$ . J. A. Makowsky [6] showed that Jones polynomials are compllted
kom aTait graph in polynomial time if the traewidth of the Tait graph is bounded by a
$co\iota\iota\backslash \backslash tant$ . J. Mighton [7] showed that Jonae polynomialf; are $comp_{11}t\text{\’{e}} hom$ the Tait graph of
alink diagram $L$ with $o(c(\tilde{L})^{4})$ operationo in polynomia18 of deyae $O(c(\tilde{L}))$ if the treewidth
of the Tait graph is at most two. M. Hara, S. Tani and M. Yamamoto [2] showed that $Jone\epsilon$
polynomia18 of $arbor\alpha cent$ linkq are computed $hom$ the Tait graph of alink&agram $\overline{L}$ with
$O(c(\tilde{L})^{3})$ operatioo in polynomia18 of degree $O(c(\tilde{L}))$ . T. Utsllmi md K. tai [10] showed
that Jonae polynomia18 of pretzel links are $comp\tau\iota tedkom$ the Tait gaPh of alink diaaam $\tilde{L}$
in $O(c(\tilde{L})^{2})$ time. M. Muralami, M. Hara, M. Yamamoto $\bm{t}d$ S. Tani [9] showed that Jonae
polynomials of 2-bridge $link\backslash \backslash$ and $cl\alpha;ed3$-braid $link\backslash \backslash$ are comptlted $hom$ the Tnit yaph of a
link diagram $\tilde{L}$ with $o(c(\tilde{L}))operations^{\backslash }$ in polynomialf; of degrae $O(c(\tilde{L}))$ .
In $thi_{f^{\tau}}$ paper, we propoee afast algorithm for compllting $Jon\infty$ polynomials of Montesinoe
link8. $Mont\infty inos$ links conoist of rational $tangl\alpha;$ , were introduced by J. M. $Mont\infty inos[8]$ .
Mont\’einos $1ink^{s_{1}}$ are ageneralization of pretzel link8 in the {$;en_{\iota}se$ that every $Mont\infty inoe$ link
all of whose rational tangl\’e are integer integer tanglae $it^{\backslash }$,apretzel link. Mont\’einos links $\epsilon re$ a
generalization of 2-bridge(or rational) linkf; in the seoe that every Montaeinos $hnk$ consisting
of two rationd $tangl\infty$ is a2-bridge link. $Mont\infty^{\backslash }in\alpha^{\backslash }$ diagrams, whii are defin\’e below, are
standard link $dia_{\Psi^{am\S}}$ of Montaeino8 link8. Our $aJgorithm$ compute8 Jon\’e polynomiak of
\dagger Graduate School of Integrated Basic $SciI_{-}nc^{\backslash }e\epsilon$, Nihon $Ur\dot{u}\iota^{r}er\epsilon ity$, Setagaya-ku, Tbkyo $15\triangleright 8550$ , Japan.
$ma\epsilon ahlko0t$anl. $c\epsilon$ . chs,nihon-u. ac. jp.
$t_{Dt^{1}}w^{cment}$ of Mathematical Sciences, TOkai University, Hiratsuka-.Whi, Kanagawa 259-1292, Japan.
$na\epsilon ao0\epsilon\epsilon$ . u-tolal. ac. Jp.
$s_{Department}$ of Mathematics, Chuo $U\dot{m}ven;ity$ , Bunk.vo-ku, Tbkyo 112-8551, Japan.
$makotoy\Phi ath$ . chuo-u. ac. jp.
$s_{Department}$ of Computer Science and System Analyns, Nihon University, $b^{\backslash }elagay\triangleright ku$ , Tokyo 15&8550,
Japan. $\epsilon\cdot 1$-lchlOtanl. cs. chs.nthcm-u. ac. jp.
1554 2007 153-160 153
Montesinos links from the Tait graph of a Montesinos diagram $\tilde{L}$ with $O(c(\tilde{L}))$ additions and
multiplications in polynomials of degree $O(c(\tilde{L})),$ $n$amely in $\mathcal{O}(c(\tilde{L})^{2}\log c(\tilde{L}))$ time. Although
treewidths of the Tait graphs of $Monta\backslash inas$ diagrams are two, our algorithm is $fa_{\iota}\backslash \backslash ter$ than
Mighton’s algorithm. Every rational tangle is represented by an integer sequence. Moreover,
every $Montesinof^{\backslash }$, diagram is represented by a sequence of integer sequences.
Given a Montesinos diagram, our algorithm analyses the structure of the Montesinos dia-
gram, constnicts a sequence of integer $aeq_{11}encae$ of the Montesinos diagram and computes the
Kauffman bracket polynomial of the Montesinos diagram. We show the following:
(i) A sequence of integer sequences of a Montesinos diagram $\tilde{L}$ can be constnicted $hom$ the
Tait graph of $\tilde{L}$ in $\mathcal{O}(c(\tilde{L}))$ time.
(ii) The Kaufman bracket polynomial of a Montesinos $diagram_{\iota}9\tilde{L}$ is able to be computed
$hom$ a $b^{\backslash }eqtlence$ of integer $seq_{11}enca$; of $\tilde{L}$ with $O(c(\tilde{L}))additio\iota xs$ and multiplications in
polynomiaLs of degree $O(c(\tilde{L}))$ .
$O_{11}r$ algorithm $comp_{11}t\infty$ the Kauffinan bracket polynomial of aMontesinos diagram $hom$ a
sequence of $Integer:;eq_{11}enoes$ of the Montesinos $diagr\infty\iota\iota$ by away similar to onae for 2-bride
link\S and closed 3-braid $1ink_{8}[9]$ . On the other hand, we invaetlgate alinear time algorithm
to construct a $seq_{11}ence$ of integer $sequenc\propto for$ a $Mont\infty^{\backslash }inoe$ diagram, which is different ffom
algorithms to $comp_{11}te$ integer $\iota aeq_{l1}encae$ for 2-bridge diagrams and cloeed 3-braid diagrams.
This paper is $o$rganized in the following way. Section 2contaio $f?omeba_{\wedge}tic$ notatioo and
$definitionb^{\backslash }$ of knot $th\infty ry$. In&ction 3, we provide an algorithm for computIng $\Re q_{11}enc\text{\’{e}}$ of
integer tqeqllences of Monta inos diagrams. Section 4 $deals^{\backslash }$ with an algorithm for $\infty mputing$
the Katlffinan bracket polynomial of agiven $Mont\alpha;inos$ diagraen kom a $i$}$eq\backslash lence$ of integer
$f^{\backslash },equenc\infty$ of the $Montaeinof^{\backslash }$ diagram.
2 Preliminaries
In $th_{\dot{L}’}\backslash$ section, we give ftome basic notations $\bm{t}d$ definitions of knot theory. For details, see
C. C. Adams [1].
Alink of $n\infty mponentsi_{\iota}^{s};n$ simple $clo_{\iota}q\text{\’{e}}$ cllrv\infty in $\mathbb{R}^{3}$ that are mutually $d_{\dot{L}}sjoint$ . Alink
of one component is aknot. An image of alink by an orthogonal projection $hom\mathbb{R}^{S}$ to a
plane $\dot{\iota}$;ngular if it $contain_{\iota}s$ oty finitely many $m\tau 1ltiple$ points, all mllltiple points are double
poinks and thaae are $traver_{\iota}se$ points. A $reg_{t1}1ar$ image of alink is called alink diagmm if the
$overcroaeing/undercro\Re ing$ information $\dot{L}S^{\backslash }$ marked at every $d_{011}ble$ point in the image (see Fig.
1). $R_{1}rthemore$ , the double $pointt^{\backslash }$ are cdled cmssings. For any link diagrm $\tilde{L}$ , we denote
the mlmber of the crossings of $\tilde{L}$ by $c(\tilde{L})$ . Atrivial link diagram is a1ink diaym $witho\backslash lt$ a
$cro*sing$. A1ink is $tr\dot{a}vial$ if the link $ha\backslash$ atrivial link diagram. Alink is oriented if each of its
components $\dot{x}9$ given an orientation.
A $\infty ntintlOllf$’bijection $f$ kom $\mathbb{R}^{3}$ to $\mathbb{R}^{3}\dot{L}\backslash \backslash$ called $homeomo\eta hism$ if $f$ has a $continuo\backslash lS$
inverse mapping. Let $I$ be the closed interval $[0,1]$ . ALink $L$ is $equivalent^{*}$ or ambient isotopic
to aLink $L’$ if there exists a $hom\infty morph_{\dot{L}}smh_{t}hom\mathbb{R}^{3}$ to $\mathbb{R}^{3}$ for my $t\in Isatis\Psi ing$ the
followi$ng$:
(i) $h_{0}$ is the identity.
$(\ddot{u})h_{1}(L)=L’$ .
(iii) For any $x\in \mathbb{R}^{3}$ , the mapping $f_{x}$ from $I$ to $\mathbb{R}^{3}$ satisfying $f_{x}(t)=h_{t}(x)$ is continuous.
$Intuiti\backslash ely$, a link $L$ ls equivalent to a link $L’$ if $L$ can be continuously defornied to $L’$ without ever having
any one of the loops intersect itself or any of the other loops in the $procoe_{\iota}\backslash$ . Therefore, we can regard a knot as
a “rubber band”. and, deform it topologicaily.
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Fig. 1: A link, a regular image and a link diagram.
Deflnition 2.1 The Kauffinan bracket polynomial is a $f\iota 1nction$ from link diagrams to the Lau-
rent $polyomia1\sim\sim$ ring $\mathbb{Z}[A^{\pm 1}]$ with integer coefficients in an indeterminate $A$ . It maps a lin$k$
diagram $L$ to ($L\rangle$ $\in \mathbb{Z}[A^{\pm 1}]$ and is characterized by
(i) $(O)=1$ ,
(ii) $\langle\tilde{L}uO\rangle=(-A^{-2}-A^{2})\langle\tilde{L}\rangle$ and
(iii) $(\cross\rangle$ $=A()()+A^{-1}\langle\vee\wedge\rangle$ .
Here, $O\dot{\iota}$; the trivial knot diagram and $\tilde{L}uO$ is the disjoint sum of $\tilde{L}$ and $0$ . In (tii), the
formula refers to three link diagrams that are exactly the smne except near a point where they
differ in the way indicated.
Note that for any link diagram $\tilde{L}$ , the degree of ( $\tilde{L}\rangle$ is $O(c(\tilde{L}))$ and the coefficients of ($\tilde{L}\rangle$ ge
$O(2^{c(\tilde{L})})$ . The writhe $w(\tilde{L})$ of an oriented link diagram $\tilde{L}$ is the sum of the $sig_{1}s$ of the $cr\alpha s\sin ffl$
of $\tilde{L}$ , where each cro.ssing has $sign+1$ or $-1\ ^{s}$; defined (by convention) in Fig. 2. The Jones
polynomial $V(L)$ of an oriented link $L$ is defined by
$V(L)=(-A)^{-3w(\tilde{L})}\langle\tilde{L}\rangle|_{\iota^{1/2}=A^{-2}}$ ,
where $\tilde{L}$ is $an$ oriented link diagram of $L$ . It is known that $V(L)$ is well-defined and $V(L)\in$
$Z[t^{\pm 1/2}]$ .
A tangle is a portion of a link diagram from which there emerge jiust four arcs pointing in
the compaes directionis NW, NE, SW, SE (see Fig. 3). The tangle $conoi_{\iota}\#ing$ of two vertical
strings without a $cro\ltimes qing$ is called O-tangle. The O-tangle twisted $k$ times is called k-tangle
and is denoted by $I_{k}$ . They are called integer tangles (see Fig. 4).
$+1$ $-1$
Fig. 2: Signs of crossings. Fig. 3: A tangle.
Given any link diagram $\tilde{L}$ , we can color the faces black and white in such a way that no two
faces with a common edge are the same color. We color the unique unbounded face white. Such
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a coloring is called the Tait coloring of $\overline{L}$ . As shown in Fig. 5, we can get an edge-labeled planar
graph $G$ of $\tilde{L}$ . Its vertices are the black faces of the Tait coloring and two vertices are joined
by a labeled edge if they share a crossing. The label of the edge $is+1$ or-l according to the
(conventional) nile shown in Fig. 6. We may call the label the sign. We call $G$ the Tait graph
of $\tilde{L}$ . Note that the number of the edges of $G$ is $c(\tilde{L})$ . A Tait graph $G$ is isomorphic to a Tait
graph $G’$ if there exists a bijection $f$ from the vertex set of $G$ to the vertex set of $G’$ satisfying
the following:
(i) For any pair of vertices $u$ and $v$ of $G$ , the number of the edges in $G$ that $joi\iota ou$ an$dv$ and
are labeled $+1$ ’ is equal to the mimber of the edges in $G’$ that joins $f(u)$ and $f(v)$ and
are labeled $+1’$ .
(i1) For any pair of vertices $u$ and $v$ of $G$ , the number of the edges in $G$ that jolno $u$ and $v$ and
are labeled $-1$ ’ is equal to the mlmber of the edges in $G’$ that joins $f(u)$ and $f(v)$ and
are labeled $-1’$ .
Such a fimction $f$ is called an isomorphism from $G$ to $G’$ .
Fig. 5: A Tait coloring and a Tait graph.
Let $a_{11},$ $\ldots,$ $a_{1m_{1}},$ $\ldots,$ $a_{l1},$ $\ldots,$ $a_{lm\downarrow}$ and $a$ be integers. We denote the link diagram consisting
of integer tangles $I_{a_{11}},$ $\ldots,$ $I_{a_{1’ n_{1}}},$ $\ldots,$ $I_{a\iota\iota},$ $\ldots$ , $I_{a_{lm_{l}}}$ and $I_{a}$ as shown in Fig. 7 by
$\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots , a_{lm_{l}}||a)$ and its Tait graph by $G_{M}(a_{11}, \ldots, a_{1m\iota}|\cdots|a_{l1}, \ldots, a_{lm_{l}}||a)$.
We call $\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots,a_{lm_{l}}||a)$ a Montesinos diagram if $l\geq 3,$ $m_{i}\geq 3,$ $W$ is an
$o$dd number and $a_{\dot{*}j}\neq 0$ for $i=1,$ $\ldots,$ $l$ and $j=1,$ $\ldots$ , $m_{i}$ (see Fig. 8). A link is called a Mon-
tesinos link if there exists a Montesinos diagram representing the link. A Montesinos link that
$\infty nsis^{\backslash }ts$ of two rationaJ tangles is a 2-bridge link. A Montesinos link all of whose rational tangles
are integer tangles is a pretzel link. For convenience, $\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1\cdots)}a_{lm_{l}})$ denotes
$\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots , a_{lm_{l}}||0)$ . For any non-zero ihteger $n$ , we set $sig(n)=n/|n|$ .
Remark 2.2
$\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm_{l}}||a)$
$=$ $\{\begin{array}{ll}\overline{M}(a_{11}, \ldots,a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm_{l}}) ifa=0\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm_{l}}|_{\frac{-sign(a)|\cdots|-sign(a)}{|a|}}) if a\neq 0\end{array}$
For any Tait graph $G=G_{M}(a_{11}, \ldots, a_{1m\iota}|\cdots|a_{l1}, \ldots, a_{lm\iota}||a)$ of a Montesinos diagram, we
call the path of the Tait graph $\infty rraeponding$ to $I_{a}$ the special path of $G$ and $a$ the special path
number of $G$ if $a\neq 0$ . We call the contraction by the edges of the special path of the Tait graph
$G$ of a Montesinos diagrarn the special contraction of $G$ (see Fig. 9).
Let $G=(V, E, s)$ be a Tait $\Psi^{aph}$ , where $V$ is the vertex set of $G,$ $E$ is the edge set of $G$ and
$s$ is the edgelabeling function from $E$ to $\{-1, +1\}$ . For any vertex $v\in V,$ $\deg_{G}(v)$ denotas the
degree of $v$ in $G$ and $N_{G}(v)$ denotes the set of the neighbors of $v$ in $G$ . For any subset $V’$ of $V$ ,
$G[V’]$ denotes the subgraph of $G$ indueed by $V$ . We define a fimction $edgesum_{G}$ from $V\cross V$
to $\mathbb{Z}$ such that for any pair of vertices $u$ and $v$ of $G,$ $edge_{\wedge}^{s};um_{G}(u,v)$ is the sum of the signs of
the edges of $G$ that join $u$ and $v$ . For a set $S$ , we denote the size of $S$ by $|S|$ .
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$\overline{M}(1_{\tau}2, -1|-2, -2,2,1, -1|3, -1, -2|1)$ and
Fig. 7: $\hat{M}\acute{(}a_{11},$ $\ldots$ , $a_{1m_{1}}|\cdots|a_{l1},$ $\ldots,$ $a_{lm_{l}}||a$). $G_{41}(1_{:}2, -1|-2, -22,1, -1|3, -1, -2|1)$
Fig. 8: A montesinos diagram and its Tait graph.
The special contraction of
$G_{A4}(1,2_{t}.-1|-2, -2,2,1, -1|3, -1, -2||-4)$ .
$Fig$ . $9$ : The Tait graph of a Montesinos diagram and its f,pecial contraction.
3 Constructing sequences of integer sequences
In this section, we show that a sequence of integer sequences of a Montesinos diagram $\tilde{L}$ can
be constructed $\hslash om$ the Tait graph of $\tilde{L}$ in $\mathcal{O}(c(\tilde{L}))$ time.
Lemma 3.1 Let $G=(V, E, s)$ be the Tait graph of a Montesinos diagram, $P=(V’, E’, s’)a$
path of $G$ and $v_{1}$ and $v_{2}$ the endvertices of the path $P(|N_{G}(v_{1})|\leq|N_{G}(v_{2})|)$ . $P$ is the special
path of $G$ if and only if $P$ satisfy ing the following:
(i) $|V’|\geq 2$ and $G[V’]=P$ .
(u) $|N_{G}(v_{1})|=3$ .
(iii) $N_{G}(v_{1})\cap N_{G}(v_{2})\subset V’$ .
(iv) There exists no path $P$ which is not $P$ and every venex of $P$ except for $v_{2}$ has at most
three neighbors.
Theorem 3.2 Let $G=(V, E, s)$ be the Tait graph of a Montesinos diagram. We can determine
whether there nists the special path of $G$ in $\mathcal{O}(|E|)$ time. If there exists the spec\’ial path of $G$ ,
then we can construct the graph obtained by the special contraction fivm $G$ and obtain the special
path number of $G$ in $O(|E|)$ time.
Given the graph $G$ by the special contraction from the Tait graph of a Montesinos diagram,
Procedure $seq_{-}mont\sin\propto cootnlcts$ asequenoe of integer sequences $(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{[m_{l}})$
such that $G_{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots,a_{lm_{l}})$ is isomorphic to $G$ .
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Procedu$reseq_{-}montaeinos$
lnput: The graph $G=(V, E)$ by the $f;pecial$ contraction ffom the Tait graph of aMontaeinos
diagram.
Output: A $\backslash \backslash ^{\backslash }eq\backslash \iota ence$ of integer $\iota;equences(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm_{l}})s^{\backslash }uch$ that
$G_{M}(a_{11}, \ldots, a_{1m\iota}|\cdots|a_{l1}, \ldots, a_{lm_{l}})\dot{L}$? $it^{\backslash },omorphic$ to $G$ .
Comput$e$ all of the $val\backslash 1\oplus in$ {edgesua$G(u,$ $v)$ : $u,$ $v\in V$ are adjacent};
$Con\backslash \backslash tnlctN_{G}(v)$ at most follr vertIcae for all $v\in V$ ;
Set $V’=\{v\in V:|N_{G}(v)|\geq 4\}$ and $l=|V’|$ ;
Conotnlct $N_{G}’(v)=\{u\in N_{G}(v) : |N_{G}(u)|=2\}$ for all $v\in V’$ ;
Index avertex of $V’v_{01}$ ;
Set $v_{drc}$ as avertex of $N_{G}’(v_{01})$ ;
Initializ$ev_{prv}$ as $v_{drc}$ and $ia_{\iota}s1$ :
repeat
titialize $v_{\alpha r}$ as the vertex of $N_{G}(v_{prv})-\{v_{i-11}\}$ and $flr$ as $0$ ;
repeat
if there exist $m\tau 1ltiple$ edgae comecting $v_{prv}$ and $v_{cff},$ $v_{i-11}\not\in N_{G}(v_{pv})$ and $|N_{G}(v_{\pi}v)|=3$
or $v_{i-11}\not\in N_{G}(v_{prv})$ and the two $edg\infty$ incident to $v_{\mu\cdot v}$ have different sigo then
begin $v_{prv}:\cdot v\in N_{G}’(v_{01})-\{v_{drc}\}$ ;titialize $i$ as 1: $flr:\cdot 1$ :end;
else if $|N_{G}(v_{crr})|\leq 3$ theh
begin $v_{tmp}:\cdot v_{crr}$ ; $v_{\varpi r}:\cdot v\in N_{G}(v_{cfr})-\{v_{i1}, v_{\Gamma^{v}}\};v_{prv}:\cdot v_{tmp}$ ; end:
until $|N_{G}(v_{crr})|\geq 4$ or $flr=1$ ;
if $flr=0$ then
begin Index $v_{i1}v_{err}$ and $v_{i2}v_{prv}$ : $v_{prv}:\cdot v\in N_{G}’(v_{i1})-\{v_{prv}\}_{j}$ Increment $i$ ;end;
until $i=l+1$ :
for $i:\cdot 1$ to $l$ do begln
tititize $v_{crr}$ as $v_{i1}$ and $m_{i}$ &\1;
repeat
{ $m_{i}$ is an odd nlmber}
Set $a_{im}=-edge- Bum_{G}(v_{i-11}, v_{crr})$ :
tcrement $m_{i}$ ;
{ $m_{i}\dot{L}9$ an even mlmber}
Initialize $a_{1m_{1}}a\epsilon 0_{i}$
repeat
$v_{tmp}$ :. $v_{\sigma r}$ ;
if $v_{crr}=v_{i1}$ then $v_{crf}:\cdot v_{i2}$ else $v_{crr}:\cdot v\in N_{G}(v_{crr})-\{v_{i-11},v_{prv}\}$ :
$v_{\gamma v}$ :. $v_{tmp}$ :
$a:m_{i}$ :. $a_{1m_{*}}$. $+edge_{\wedge}\backslash 11m_{G}(v_{p\cdot v},v_{crr})$ ;
until $v_{i-11}\in N_{G}(v_{crr})$ ;
Increment $m$: ;
until $|N_{G}(v_{crr})|=2$ :
Set $a_{im}:$ =-\’ege-sum$G(v_{i-11},v_{a\cdot r})$ ;
end;
Theorem 3.3 Procedure $sq_{-}mont\infty inos$ constructs a sequence of integer sequences
$(a_{11}, \ldots, a_{1m\iota}|\cdots|a_{l1}, \ldots, a\iota_{m_{l}})$ such that $G_{M}(a_{11}, \ldots , a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm\iota})$ is isomorphic to
$G$ in $O(|E|)$ time.
$Th\infty rems3.2,3.3$ Remark 2.2 imply the following.
Corollary 3.4 Given the Tait graph $G$ of a Montesinos diagram $\tilde{L}$ , one can construct a sequence
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of integer sequences $(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots , a_{lm_{l}})$ such that $G_{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm_{l}})$
is isomorphi$c$ to $G$ in $\mathcal{O}(c(\tilde{L}))$ time.
4 Computi$ng$ Kauffman bracket polynomials
In this section, we show that the Kauffman bracket polynomial of a Montesinos diagram $\overline{L}$
is able to be computed $kom$ a sequence of integer sequences of $\tilde{L}$ with $O(c(\tilde{L}))$ additions and
multiplications in polynomials of degree $O(c(\tilde{L}))$ .
We denote the link diagram consisting of integer tangles $I_{a_{1}},$ $\ldots,$ $I_{a_{m}}$ as shown in Fig. 10
by $\tilde{R}(a_{1}, \ldots, a_{m})$ and the link diagram consisting of integer tangles $I_{a}:j$ as shown in Fig. 11 by
$\tilde{N}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots , a_{lm_{l}})$ . For an integer $n$ , we set
$Q_{n}= \frac{1-(-A^{4})^{n}}{1-(-A^{4})}=\{\begin{array}{l}1+(-A^{4})+\cdots+(-A^{4})^{n-1}n>0n=0-(-A^{4})^{-1}-(-A^{4})^{-2}-\cdots-(-A^{4})^{n}n<0\end{array}$
$m$ is odd $m$ is even
Fig. 10: $\tilde{R}(a_{1}, \ldots, a_{m})$ .
Lemrna 4.1 For any sequence of integer sequences
( $a_{11},$ $\ldots,$ $a_{1m_{1}}|\cdots$ I $a_{l1},$ $\ldots,$ $a_{lm_{l}}$ ), the follouing recurrence fomula holds.
$(\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm\iota}))$
$=$ $\{\begin{array}{ll}(-A^{-3})^{a\iota\iota} if l=1,m_{1}=1,(-A^{-3})^{a_{11}}\langle\tilde{R}(a_{12}, \ldots, a_{1m\iota})\rangle if l=1,m_{1}\geq 2,A^{a_{l1}}(\tilde{N}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l-11}, \ldots, a_{l-1m_{l-1}})) -(-A\underline{)}^{-3a_{l1}+2}Q_{a_{l1}} x(M(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l-11}, \ldots, a_{l-1m_{l-1}})\rangle if l\geq 2,m_{l}=1,(-1)^{a_{l1}}A^{-3a_{l1}+a_{l2}}\langle\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l-11}, \ldots, a_{l-1m_{l-1}})) -(-A)^{-3a_{l2}+2}Q_{a_{l2}} x(\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l-.11}, \ldots, a_{l-1m_{l-1}}|a_{l1})\rangle ifl\geq 2,m_{l}=2,(-1)^{a_{lm_{l}-1}}A^{-3a_{lm_{l}-\iota+a_{\mathfrak{l}m_{l}}}} x(\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm_{l}-2})\rangle -(-A)^{-3a_{lm_{l}}+2}Q_{a_{lm_{l}}} x\langle\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm\iota-1})) if l\geq 2,m_{l}\geq 3.\end{array}$
$(\tilde{N}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots,a_{lm_{l}}))$
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$=$ $\{\begin{array}{ll}( \tilde{R}(a_{11}, \ldots, a_{1m_{1}})\rangle if l=1,(A^{a_{l1}}(-A^{-2}-A^{2})-(-A)^{-3a\iota\iota+2}Q_{a_{l1}}) \cross\langle\tilde{N}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l-11}, \ldots, a_{l-1m_{l-1}})\rangle if l\geq 2, m_{l}=1,(-1)^{a_{l1}}A^{-3a\iota\iota+a_{l2}}(\tilde{N}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l-11)}\ldots, a_{l-1m_{l-1}})\rangle -(-A)^{-30_{l2}+2}Q_{a_{l2}} \cross\langle\tilde{N}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l-11}, \ldots, a_{l-1m_{l-1}}|a_{l1})\rangle if l\geq 2,m\downarrow=2,(-1)^{a_{l\cdot n-1}}\iota A^{-3a_{lm}+a_{l,n_{l}}}\iota-1 x(\tilde{N}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm_{l}-2})\rangle -(-A)^{-3a_{ln}}\iota^{+2}Q_{a_{lm_{1}}} x\langle\tilde{N}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm_{l}-1})\rangle if l\geq 2,m_{l}\geq 3.\end{array}$
Theorem 4.2 Procedure $bra_{-}mont\propto inoscom\underline{pu}tes$ the Kauffman bracket polynomial
$\langle\overline{M}(a_{11}, \ldots, a_{1m_{1}}|\cdots|a_{l1}, \ldots , a_{lm_{l}})\rangle$ unth $O(c\underline{(M}(a_{11}, \ldots,a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm_{l}})))$ additions and
multiplications in polynomials of degree $O(c(M(a_{11}, \ldots , a_{1m_{1}}|\cdots|a_{l1}, \ldots, a_{lm_{l}})))$ .
Corollary 4.3 The Jones polynomial of a Montesinos link is computed jhom the Tait graph of
a Montesinos diagram $\tilde{L}$ utth $O(c(\tilde{L}))$ additions and multiplications in polynomials of degree
$O(c(\tilde{L}))$ , namely in $o(c(\tilde{L})^{2}1ogc(\tilde{L}))$ time.
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